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Among the different significant applications of Ctale cohomology stands 
the discovery of Artin and Verdier [ I] that it is possible to unify the local 
and global class field theory into a general and more elegant geometric for- 
mulation. Namely, for X the spectrum of the ring of integers of a number 
field and F a constructible sheaf over X&t, there is a non-degenerate bilinear 
pairing 
H’(X, F) x Ext;-‘(F, G,) + H3(X, G,) 1 Q/Z. 
The importance of this point of view is apparent, since it suggests one 
possible way of extending (abelian) class field theory to more general 
schemes. For instance, Artin-Verdier duality holds also for X a smooth 
proper curve over a finite field [S], again with G, as the dualizing sheaf. 
However, G, is not able to play this role in more general situations, when 
we allow singularities or higher dimension. In fact, Deninger [6] recently 
has extended the l-dimensional duality to the singular case, being then 
forced to take as a dualizing object a complex G of sheaves 
where i, is the canonical morphism x ---t X and cyc is the morphism defined 
in [S, 21.61. In the regular case, this complex is quasi-isomorphic to G,,,, 
and we obtain the classical duality. In this paper we give an interpretation 
of this duality in terms of recent work of Bloch. 
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Lichtenbaum conjectured in [9] the existence of complexes z(r), r 3 0, 
of ttale abelian sheaves on regular schemes X, satisfying certain axioms. 
These complexes should provide the right hypercohomology coefficients in 
order to express the values of the zeta function of X at negative integers as 
Euler-Poincare characteristics. As pointed out by Lichtenbaum himself, the 
axioms imply also that these complexes play the role of a dualizing object 
in a very general theorem extending Artin-Verdier duality to higher-dimen- 
sional regular schemes [ll, 117.151. Bloch has proposed in [2, 31 can- 
didates of these complexes. He introduces a simplicial complex of abelian 
groups: 
‘. . 3 Z’(X, 2) =: zr(x, 1) =! zr(X, O), 
-2 & K.-l 
25 
where Z(X, n) is the group of r-codimensional cycles in Xx A” that inter- 
sects properly the (algebraic) n-simplex of this space. The homology groups 
of this complex are by definition the higher Chow groups of X, CH’(X, n), 
n > 0. The conjecture is then that the sheafifications for the etale topology, 
Z(r) :=Z,,( ) 2r - .), t-20, 
satisfy Lichtenbaum’s axioms. Bloch already proved some of these axioms, 
among them that Z( 1) = Gm[ - 1 ] when X is regular. 
The aim of the paper is to prove that, more generally, Bloch’s Z(1) is 
always quasi-isomorphic to G [ - 11, thus giving evidence that Bloch com- 
plexes could be the right dualizing object even in the non-regular case, In 
particular, the theorem of Deninger [6, 1.41 can be translated into the 
existence of a perfect duality of finite groups, 
H’(X, F) x Ext;.-‘(F, Z( 1)) - H4( x, Z( 1)) --=+ Q/Z, 
for constructible etale sheaves F over a l-dimensional, proper scheme X. 
Deninger also has extended Poincart duality of curves X over an 
algebraically closed field to the singular case. He deals here with construc- 
tible Z/N-sheaves F, where N is invertible on X, and G has to be replaced 
by the complex G(N) = R -(Z/N, G) in the derived category of 
Z/N-sheaves on X. As another consequence of the quasi-isomorphy 
between G and Z( 1 ), one can replace this complex by R -(Z/N, Z( 1)); 
but since Z( 1) has no torsion, it is easy to check that this latter complex is 
simply the sheatification B/N( 1) of Z’(X, 2 - . ) 0 Z/N. Thus, [6, 3.11 can 
be translated into a duality on the curve 
H’(X, F) x Ext&&(F, Z/N( 1)) -+ H3(X, Z/N( 1)) -++ Z/N. 
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Observe that for smooth X we have Z/N( 1) = p,,,[ - 11. One may speculate 
wether Z/N(d) is the right dualizing complex for d-dimensional, eventually 
singular, varieties. 
1. THE QUASI-ISOMORPHISM 
Let M, be the category of noetherian schemes, with flat morphisms of 
relative dimension zero. For any X in ScJ, let G(X) be the cycle complex 
R(X)* cyc b Z’(X), 
concentrated in degrees 1 and 2. Here R(X) stands for the ring of rational 
functions of A’, that is, the global sections of the sheaf associated to the 
presheaf UN r(U, O,)[S;‘], where SU is the monoid of the regular 
elements of r( U, 0,). Z’(X) is the group of 1-codimensional cycles, and 
cyc is the homomorphism defined, for SE R(X)*, by 
~~4s) = C (long(OxJa,Ox,.J - long(O,,.,lb,O.,.)){x}. 
.X6X’ 
if s, = a,/b, with a,, 6, E O,, both regular. 
Let us quickly recall the definition of the Bloch complex (see [2, 31). 
For any ring 0 we shall denote throughout the paper by O[tO, . . . . t,] the 
ring O[ r,, . . . . T,]/CT, = 1. Fix an integer r 3 0 and let 
A”= Spec(Z[t,, . . . . I,]) N A”, n B 0. 
For ZC (0, 1, . . . . n}, a set of n-m elements, we have a face-map 
Xx A” 4 Xx A”, defined by setting t, = 0, in I. We define Z(X, n) to be the 
free abeiian group generated by all integral subschemes of Xx A” of 
codimension r, intersecting all faces Xx A” properly, that is, so that all 
irreducible components of the intersection have codimension r in Xx A”. 
We obtain in this way a simplicial complex of abelian groups 
where the face and degeneracy maps ai, Sj are pullbacks along the maps 
defined respectively by the ring homomorphisms 
(to, . . . . t,)- (to, . . . . tie I, 0, ti, “., fn--l), (1) 
(to, . . . . t,-, 1 ++ (to, . . . . t,- I, t, + f,. 1, t;+2. ‘.., t,). 
324 ENRIC NART 
The Chow groups CH’(X, n) are defined to be the homotopy (or, 
equivalently, the homology) of this complex. Z’( - , n) is functorial under 
pullback by flat morphisms of relative dimension zero [7, 1.3 and A.4.11. 
Therefore, we can think of 
and G as two complexes of contravariant functors from a, to the 
category of abelian groups. 
( 1.1) THEOREM. Z( 1) and G are canonically quasi-isomorphic. 
As mentioned above, the main interest of this theorem is that it allows us 
to reformulate the theorem of Deninger [6, 1.43 to obtain a duality 
H’(X, F) x ExtPi(F, 2(l))- H4(X, Z( 1)) -JL o/z, 
for constructible itale sheaves F over any l-dimensional, proper X, thus 
giving support to the hope that the Bloch complex is the right dualizing 
object even in the non-regular case. However, let us quote, as another 
consequence of (l.l), the computation of 1-codimensional higher Chow 
groups for an arbitrary X in ScJ,: 
(1.2) COROLLARY. 
CH’(X, 0) = CH’(X) 
CH’(X, 1) = ker(cyc) 
CH’(X, n) = 0, n 3 2. 
In order to prove ( 1.1) we shall limit ourselves to exhibiting a canonical 
quasi-isomorphism between the complexes Z(l)(X) and G(X) for any fixed 
X. Functoriality will be self-evident from the construction. We have 
canonical isomorphisms of complexes 
a1 )(X) = ~(1W,,,), G(X) = WX,,,). 
Also, if X,, . . . . X,,, are the irreducible components of X, G(X) is canonically 
isomorphic to 
6 R(X,)* --=+ Z’(X), 
i= 1 
and Z( 1 )(X) is canonically quasi-isomorphic to 
m m 
‘.. + @ Z’(X,, 2)+ 0 Z’(X+ l)-Z’(X,O)-rO. 
r= I i= I 
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In the integral case, we will be able to define a canonical homomorphism 
cp: zyx, 1) --) R(X)*, 
which together with id: Z’(X, 0) + Z’(X) will furnish the desired quasi- 
isomorphism. By the above considerations, the theorem in the general case 
will follow, provided that q is an epimorphism. The construction of cp and 
the proof of the desired properties are based on an explicit description of 
1-codimensional subvarieties of Xx d” and the action of face and 
degeneracy maps. 
Assume that X is integral and let K= R(X) denote the field of rational 
functions. Let F(t,, . . . . t,) E K[t,, . . . . t,] be an irreducible polynomial. For 
each open affine subset U = Spec 0 of X, (F) n O[tO, . . . . t,] is a prime ideal 
of O[t(), . . . . r,]] of height one (see (2.1) below), which determines a point 
.Y[,.E U x d” G Xx d”. It is easy to check that this point is independent of U. 
We denote by I/, := (.Y~-> the corresponding 1-codimensional subvariety of 
Xx A”. Clearly, two irreducible polynomials of K[t,, . . . . t,] determine the 
same subvariety if and only if they differ by a non-zero scalar multiple. 
These subvarieties are said to be horizontal because they project 
dominantly on X in contrast with the wrtical subvarieties Zx A”, Z 
I-codimensional subvariety of X, which map onto Z under the projection 
Xx A” + X. Accordingly, an element of Z’(Xx A”) is said to be horizontal 
or vertical when its support is composed only of horizontal or vertical sub- 
varieties, respectively. 
(1.3) PROPOSITION. Let X be integral. Each 1-codimensional subvariety 
of Xx A” is either vertical or horizontal. Let F(t,, . . . . t,) E K[t,, . . . . t,] 
he an irreducible pol~ynomial. For an]’ i, 0 <i< n, let ny=, F,” 
be the decomposition of F(t,, . . . . tim ,, 0, t,, . . . . t,-,) (resp. F(t,, . . . . t, ,, 
t, + t , + 1 3 ‘... t,, ,)) into a product qf irreducible factors in K[t,, . . . . t,- ,] 
(resp. K[t,,, . . . . t,+,]). Then 
S, [ V,] (resp. S, [ V,] ) = f nj [ Vfi;] + vertical cycle, 
,=I 
nhereas for a vertical subvariet~~ Z x A” Mte have 
di[Zx A”] = [Zx A+‘], S,[ZxA”]=[ZxA”+‘]. 
Moreover, for n = 1 we have explicitI? 
(4-~,)lL~~l=cyc(FK? l)lF(l,O))~ 
The proof of this proposition is of a purely algebraic nature and will be 
given in Section 2 below. We proceed now to explain how one can derive 
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( 1.1) from this explicit (enough) description of the 1-codimensional Bloch 
complex. 
Let Ver”, Hor” be the subgroups of .Z’(X, n) generated respectively by 
the vertical and horizontal cycles. By (1.3) we can give Ver’, Hor’ a struc- 
ture of simplicial complexes taking the vertical, horizontal component of 
di, S;, and we get an exact sequence of simplicial complexes 
0 -+ Ver’ -+ 2 ‘(A’, . ) -+ Hor’ + 0. 
In Ver’ all face and degeneracy maps are isomorphisms, hence the differen- 
tials d,, = EYE0 (- 1)’ ai are alternatively null and isomorphic, so that the 
homology vanishes except for H,(Ver’) = Ver’ = Z’(X). On the other hand, 
Hor’ is clearly isomorphic to Z ‘(Spec K, ); consequently, Z ‘(X, . ) is 
canonically quasi-isomorphic to 
. . . -, Z’(Spec K, 2)A Z’(Spec K, l)L Z’(X)- 0, 
where S[ V,] = cyc(F(0, 1 )/F( 1,O)). We can define a morphism of this 
latter complex to G(X) simply by taking 
Z’(Spec K, 2) L Z’(Spec K, 1) 6 Z’(X) 
I I 6” I id 
0 5 K* cyc Z’(X), 
forcing us to define cp [ V,] = F(0, 1 )/F( 1,O). It is straightforward to check 
that cp 0 d, = 1, so that indeed we have a morphism of complexes. Note that 
cp is an epimorphism since (p[ V,,+.,, ] = u, for any a E K*. In particular, the 
image of 6 is precisely the principal cycles, so that the homology of both 
complexes is CH ‘(X) in degree 0. In order to discuss the quasi-isomorphy 
at the other places we substitute Z ‘(Spec K, . ) by a handier complex. 
For n > 0, let K,, be the quotient field of KC?,, . . . . t,], and let us consider 
the multiplicative groups 
Do = K*, D”= {FE K,,/~,FE Drip’, i=O, . . . . n}, n2 1, 
where 8, are the ring homomorphisms (1). By (1.3), the groups 
C” := D”fK*, furnished with the obvious face and degeneracy maps, 
constitute a simplicial complex isomorphic to Z’(Spec K, .). The quasi- 
isomorphy of our morphism of complexes amounts to the fact that the 
complex 
2 4 . ..-----+c -c’ v *K*-1 
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is exact. We have already mentioned that cp is an epimorphism. Let 
f(fo, fl)EC’ be such that f( 1, O)/‘j(O, 1) = 1. Take an element 
F( T,) E K( T,,) representing the class off in C’. From F(0) = F( 1) we get 
F(To) = m) + Tot1 - To) G(To), 
with G( T,) E K( T,) such that neither T, nor 1 - T, divides its denominator. 
Thus, F(0) + T, T, G( T,) determines an element in C2 whose image under 
d, is f, and we get the exactness at C ‘. The homology at the other places 
coincides with the homology of C’ as a simplicial complex and can be 
calculated as 
H,(C) = (j ker aj/a 
I=0 
n+’ (!okeraj). 
Assume n 2 2 and let f( to, . . . . t,) E C” be such that a,f= 1, i = 0, . . . . n. Take 
an element F( To, . . . . T,-, ) E K( To, . . . . T,, ~ ,) representing the class off in 
C”. Since 1 = a, f we have 
&‘=a+(1 -To- ... - T,p,)G, 
with GE K(T,,, . . . . T,- 1) such that 1 - To - ... - T,-, does not divide its 
denominator. Now, for all 0 6 i < n, 1 = aJ translates into 
a+(l-To- ... -T,_,)~,(G)=u;EK*. 
Let us write G = P/Q with P, Q E K[ To, . . . . T,_ ,] coprime. For all 0 6 i < n 
we have either aiP = 0 or 
a;Q=(l -To- ... - T,_,)P;, Pin K[T,, . . . . Tn-2]. 
The last equality implies that Q belongs to the ideal (1 - To- . - 
T n-19 T,), but this is not possible since F= (aQ + (1 - To - .. . - 
T, _, ) P)/Q would not provide an element in c”. Thus, ai P = 0 for all i < n 
and P = To . . T,, _ I . R, R E K[ To, . . . . T, ~ ,I. Now the rational function 
determines an element g E C” + ’ satisfying 
ajg= 1, OGidn; a,+,g=f, 
and the exactness at C” is already checked. 
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2. THE ALGEBRAIC PART OF THE PROOF 
This section is devoted to proving (1.3). 0 will denote throughout a 
noetherian integral domain and K its field of fractions. Since the 
homomorphisms 
0 4 O[X,, . . . . X,] + K[X,, . . . . X,] 
are flat, for any prime ideal of one of these rings holds [lo, 13.B]: 
h(V) = h(q3”) + h(\V/yY’). (2) 
(2.1) LEMMA. Let $3 he u prime ideal of’ O[ X,, . . . . A’,,] such that 
‘p n 0 = 0. Then vK := f@. K[X,, . . . . X,] is a prime ideal qf K[X,, . . . . X,], 
!$I, n O[X,, . . . . X,] = $J, and h(‘$,) = h(v). 
ProoJ It is easy to see that ‘$3, is a prime ideal. Then other assertions 
follow easily from going-down and (2) respectively. 1 
The first assertion of (1.3) is an immediate consequence of the following: 
(2.2) LEMMA. The prime ideals of height one of O[X,, . . . . A’,,] are either 
p [ X, , . . . . X,,], p prime ideal of height one of 0, or $jJF := (F) n 
O[X,, . . . . X,l], F(X,, . . . . X,) E K[X,, . . . . X,] irreducible. 
Proof: h(p[X,, . . . . X,1)= 1 =h(‘l),-), respectively by (2) and (2.1 1. Let 
!I3 be a prime ideal of height one of O[ X, , . . . . X,,] and let p = q n 0. ‘$3 
contains p [X, , . . . . X,,]. so that these two ideals coincide if p # 0. If p = 0, 
by (2.1) we have ‘$J=‘p,nO[X ,,..., X,,] and also h(‘JJ,)= 1, so that +Qk-is 
principal. 1 
Let us recall the definition of the 1-codimensional cycle associated to an 
ideal a # 0 of 0, 
cyc(a)=~long,~(O,/aO,)Cpl~Z’(SpecO~, 
P 
where p runs over the prime ideals of 0 of height one. For an element 
a/hEK*, a, bEO\fO}, 
cyc(a/b) := cyc(a0) - cyc(b0) 
is well defined and constitutes the cycle-homomorphism cyc: 
K* + Z’(Spec 0) we have been dealing with in the preceding section. 
If we denote F, = F(t,, . . . . ti , , 0, t,, . . . . t,, , ), the explicit expression for 
the horizontal component of ai [ VK] in ( 1.3 ), is equivalent to 
ord, F, = ord[,;, 6, [I’,-], 
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for any horizontal subvariety V, of Xx d”- ‘. We can assume that 
X= Spec 0 is afline. Then V, corresponds to a prime ideal ‘pI; of 
o[It 0, ..., t,] and a;[ V,] is simply the 1-cocycle cyc(a), where a is the ideal 
of O[tO, . . . . t,p 1], th e image of ‘pI; under the ring-homomorphism (1). Let 
$8, be a horizontal prime ideal of O[tO, . . . . t+ ,] of height one. Since 
$3, n 0 = 0, we have 
O,:=O[t, ,..., t,p,]*G=KCfO ‘..., t,-,I(,,. 
And since in this local ring a coincides with the principal ideal generated 
by F,, it is clear that 
ord, F, = long,& O,/aO,), 
as desired. The proof for S, [ VF] follows exactly as above, and the vertical 
case is even easier. 
For convenience, in order to prove the last assertion of (1.3), we will not 
use Bloch’s homogeneous notation in the sequel and we will consider 
a,, 8, : X + X x A ’ = A k as the “0” and “1” points respectively. We must 
prove that for any irreducible polynomial F(X) E K[X], one has 
(a,- ~,)Cv,l =c~c(F(O)lF(l)). (3) 
In a first step, the proof imitates that of Fulton [7], reducing (3) to the 
computation of the push-forward of certain principal cycles by the projec- 
tion Xx A’ -+ X. We then cannot apply [7, 1.41 since this morphism is not 
proper. Instead, we give a direct proof based on a Gauss lemma. 
We can assume X= Spec 0, afline. For i = 0, 1, ai [ V,] = cyc(a), where a 
is the ideal image of ‘$F under the ring-homomorphism “X= i.” Thus, if 
p: Spec( OIX]/!J.JP) + Spec 0 is the canonical projection, it is easy to check 
that 
a, [ V,] =p* cyc(X- i), i=O, 1, 
where p* is defined as in [7, 1.41. Therefore, (3) is equivalent to 
P* cydX/X- 1) = c~c(F(O)lF(l 1). (4) 
Let d be the integral closure of 0 in K, 0' any ring between 0 and 6, and 
i: Spec 0’ + Spec 0 the canonical morphism. Reference [7, A.3.11 can be 
translated into the assertion 
i* CY%(Q) = cyc,(a), for all UE K*. (5) 
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Let gBF= (F) n d[X]. The ring a[X]/‘$, is integral over OIX]/‘pF and 
has the same quotient field, J&Y]/(F). Looking at the commutative 
diagram 
Spec OIX]/QF ’ * Spec 0 
Spec O[X]/v, ’ + Spec 0 
we see that (4) can be reduced to the normal case, applying (5) to both 
rings, 0 and O[X]/‘$,. 
When 0 is normal it is possible to give a direct proof of (3). The point is 
that in this case we have a Gauss lemma. Namely, we can associate to any 
polynomial G(x) = a, + . . + a, Y E K[ X] the fractional ideal 
c,={aEK*:aG(X)EO[X])= fi (O:a,). 
,=o 
GAUSS LEMMA. cyc(c, .c,)= cyc(c,,), for afl G(X), H(X)E K[X]. 
Proof Since c,~ = (a-‘O)c,, we can assume that G(X) and H(X) are 
manic. Then co. cH and cGH are two integral ideals which coincide in each 
local ring 0,) h(p) = 1, by the usual Gauss lemma. 1 
(2.3) COROLLARY. Let F(X) E K[X] be irreducible. Then, the prime ideal 
CpF= (F) n O[X] is the ideal of O[X] generated by F(X) ‘cF. 
Proof: We can assume that F(X) is manic. We have to check that 
if F(X) .G(X)E ‘!@/., then G(X) belongs to the ideal of O[X] generated 
by cF. By the Gauss lemma we have cyc(c,) + cyc(c,) =cyc(c,). Since 
F(X) G(X) E O[X], cFG < 0, so that (cf. [4, Chap. VII]) 
cyc(c,) 6 - cyc(c,) = cyc(0: co). 
This is equivalent to C,Z (0: cc) because the fractional ideals involved are 
divisori& (lot. cit.). Since G(X) belongs to the ideal of O[X] generated by 
(0: c,), the assertion is proven. 1 
As a consequence, 
a, C vFl = cyW(i) c,), for i=O, 1, 
and (3) follows. 
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